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The falling liquid film has become a popular means of transferring heat and mass
from a vapor to a binary liquid, especially in gas-fired heat pump systems. Ideally,
the required amount of heat and mass transfer can be accomplished by using a
simple cylindrical tube; however, increasingly stringent size and weight requirements
for the machine prohibit use of the simple cylindrical surface, and other more
complex surfaces with higher absorption capacities have been sought. In this article,
absorption of a single component and condensation of a binary mixture on an axially
fluted tube is considered. The solution to the problem hinges on the energy equation,
although the entire energy transfer process is mass-transfer-limited. Significant mass
transfer is limited to a thin layer near the liquid-vapor interface. Solutions to the
energy equation are obtained for both the conduction- and convection-dominated
regimes. In the latter, significant heat transfer occurs within a thin layer near the
liquid-vapor interface which contains the mass transfer layer; this ‘‘boundary layer”’
structure does not appear to have been recognized in previous work in this area.
Using the present results, the capacity of a given tube may be predicted as a function
of governing geometrical and physical parameters. The principal objective of this
work is to develop the theoretical tools from which computations may be carried
out during a design process. The theoretical results may be applied to mixtures

typical of application in the absorption heat pump industry.

Introduction

The design of an absorption heat pump system usually begins
with a thermodynamic analysis of a proposed cycle with a
specific working fluid mixture; the outputs of this analysis are
inlet and outlet mass fractions, and inlet and outlet temper-
atures associated with each component of the cycle along with
the operating pressure. Due to its very nature, however, the
thermodynamic analysis does not address whether any of the
proposed states can be reached; thus, an additional step in the
design process must involve fundamental experiments, and
analysis and computation to determine whether a specific com-
ponent design will meet system specifications. In this work,
we consider the heat- and mass-transfer problems on a can-
didate enhanced surface for the absorber component in an
absorption heat pump.

The falling liquid film has become a popular means of trans-
ferring heat and mass from a vapor to a binary liquid. Ideally,
the required amount of heat and mass transfer can be accom-
plished by using a simple cylindrical tube (horizontal or ver-
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tical); however, increasingly stringent size and weight
requirements for the heat pump, in general, prohibit use of
the simple cylindrical surface, and other more complex surfaces
have been sought which are believed to have a higher absorp-
tion capacity. The simplest ‘‘enhanced surface,’” in which sig-
nificant improvement in heat transfer in pure fluids has been
demonstrated, is the axially fluted tube, and the solution of
the coupled heat and mass transfer on this tube is the objective
of this article. The purpose of this work is to determine the
structure of the flow, temperature, and mass fraction as a
function of position within the liquid film for a wide range of
operating parameters; the results may then be used to develop
a design procedure whereby the amount of vapor absorbed or
condensed on the tube can be predicted as a function of tube
length. The geometry is depicted on Figure 1.

Little analytical or computational work on the mass-transfer
problem on enhanced surfaces is available in the open litera-
ture. Indeed, the author is aware of no multidimensional an-

AIChE Journal



* *
ho ‘ ho
lz,u,
1
1
1)
[}
, g
1
[}
]
/ )
[}
4 [}
i 1
:: I
Liquid : : iLiquid
Film : { Film
)

Figure 1. Fluted tube geometry in cross section corre-
sponding to a constant-s plane (view from the
top).

Because of the very high mass-transfer resistance, the film thick-
ness is very close to that for the case of no mass transfer. Di-

mensionless coordinates and velocities are shown. From Johnson
and Conlisk (1987).

alytical or computational work on the absorption problem on
geometrically more complex surfaces than the smooth tube,
although Miller and Perez-Blanco (1994) report experimental
results on several types of enhanced surfaces. This is perhaps
due to the fact that the purely numerical techniques described
in the previous work on vertical smooth surfaces (and even
eigenfunction expansion techniques) would be very difficult to
implement on more complex surfaces and are thus unsuited to
the development of an efficient design procedure for any of
the enhanced tube geometries currently being considered.

As mentioned above, it has been well known for a number
of years that an axially fluted surface enhances the heat-trans-
fer rate in a falling liquid film significantly when compared
with the results for a smooth cylindrical surface (Nusselt, 1916;
Gregorig, 1954). A significant amount of work is available on
the fluid and heat-transfer problems for a pure fluid (Johnson
and Conlisk, 1987; Joos, 1984; Honda and Fuji, 1984; Mori
et al., 1979; Panchal and Bell, 1979; Sideman and Levin, 1979;
Webb, 1979), and the characteristics of this work are discussed
extensively by Johnson and Conlisk (1987). Until the work of
Joos (1984) and Johnson and Conlisk (1987), however, the
precise physical mechanism for the enhancement of heat trans-
fer was unclear. In particular, Johnson and. Conlisk (1987)
show that, in the case of condensation of a pure fluid in the
laminar flow regime, the fluid is driven by surface tension into
the troughs (Figure 1), and the film asymptotically reaches a
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uniform thickness over the majority of the film surface except
for a small region near the troughs which steadily thickens
because of the continuous inflow. In this work, we consider
the same geometry and inquire whether the same is true for
the case where a vapor undergoes a phase change at the bound-
ary of a liquid mixture film. Two cases are considered here.
In the first case, a pure vapor is absorbed into a liquid mixture
having one of the components corresponding to that of the
vapor. A typical mixture in this class is a lithium-bromide-
water mixture, which is presently being used as the working
fluid in experimental gas-fired heat pump systems. This process
will be termed absorption. In the second, the vapor is also a
mixture and the two components in the vapor coincide with
the two components in the liquid. A typical mixture in this
class is an ammonia-water mixture. This will be termed con-
densation.

The rate of absorption or condensation of vapor into the
film depends strongly on the local flow field. For the vertical
smooth tube, at the flow rates of interest, the flow is of the
lubrication type and analytical closed-form solutions for the
velocity field may be easily obtained outside of the entrance
region of the tube (Conlisk, 1991, 1992). Conlisk (1992) has
developed a design procedure for the absorption of water into
a lithium-bromide-water mixture on a smooth tube which re-
quires very little numerical work and compares well with the
experimental data of Miller (1991, 1992) at Oak Ridge National
Laboratories (ORNL). In the parameter range of interest, he
has shown that mass transfer takes place within a thin layer
near the liquid-vapor interface while heat transfer occurs
throughout the entire film. In this work, the introduction of
new length scales due to the fluting of the surface changes the
structure of the heat-transfer problem so that, in a certain
parameter range, the major portion of the overall heat transfer
may take place near the interface as well. This ‘‘thermal bound-
ary layer’’ is thicker than the ‘‘mass-transfer boundary layer’’;
this particular ‘‘boundary layer’’ structure does not appear to
have been recognized in problems in this area. The term
‘“‘boundary layer”’ is used in the generalized sense to mean a
regime of rapid change in mass fraction and temperature,
which, in this case, occurs at the liquid-vapor interface (Figure
1).

The fluting of the surface introduces two additional length
scales (in addition to the film thickness Ag) into the problem.
These are the crest to trough distance D and the length scale
L where L is the tube length over which the flow varies as a
result of the effect of surface tension. Indeed, the basic physical
effect of the flutes is to induce the flow to vary on a length
scale much shorter than the length of the tube. Physical ar-
guments suggest that an enhancement effect which occurs in
the heat-transfer process may also occur for the mass transfer.

The usual balance for mass transfer in many systems means
that Fick diffusion is balanced by convection of the bulk fluid
(Bird et al., 1960). The driving potential for the classical Fick
diffusion is a mass fraction or concentration gradient, and the
proportionality constant is the diffusion coefficient; this is
normally the main physical mechanism for mass transfer in
absorption systems. In this case, for the smooth tube, the
convective terms in the mass-transfer equation are proportional
to eReSc where Sc is the Schmidt number, Re is the Reynolds
number based on film thickness, and e is the ratio of the film
thickness to the length of the tube. For liquids Sc>> 1, which
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implies that any mass transfer is confined to the region im-
mediately adjacent to the free surface of the liquid film.
The mass-transfer rate depends in part on the overall driving
potential for Fick’s law. The overall driving potential is char-
acterized by the overall difference between the surface mass
fraction and the mass fraction in the bulk of the film. The
parameter characterizing this potential is (Acrivos, 1962):

W4Sin — @
B = £ASin ~ WABULK 1)
1 — wapuik

and for B<< 1 and eReSc>> 1 (the regime of practical interest),
for the smooth tube, the film thickness is constant to leading
order and very little mass transfer will take place. Note that
the definition of B differs somewhat from the definition in
Conlisk (1992); the definition of Eq. 1 is better suited for
linking the O(1) B regime with the small B regime. There is,
however, little numerical difference between this definition and
that used by Conlisk (1992). In Eq. 1, w4si, is the mass fraction
of species A4 at the film surface at the entrance to the tube and
wapuLk is the mass fraction of species A in the bulk of the
film.

There have been several papers on the absorption process
on smooth surfaces. Grossman (1983) considers the absorption
of a pure condensable vapor into a liquid binary mixture.
Suggesting that at low absorption rates the film thickness re-
mains constant to leading order, he obtains a solution for the
species mass fraction in the liquid film both numerically and
using an eigenfunction technique. Grossman (1987) generalizes
the results to the case where backdiffusion occurs: concentra-
tion or mass fraction differences affect the energy equation.
Recently, van der Wekken and Wassenaar (1988) have gen-
eralized the problem of Grossman (1983) to include more com-
plex boundary conditions at the wall and at the interface; they
also neglect the effect of film thickness variations. Uddholm
and Setterwall (1988) consider the effect of a wavy film profile
so that the film thickness is not constant. They solve the energy
and mass-transfer equations numerically using standard finite
difference techniques. Their design procedure is also subject
to the specification of several experimentally determined pa-
rameters. Andberg and Vliet (1983) compute the solution for
the absorption of Libr into water at very low flow rates and
include an enthalpy transport term in the energy equation; the
mass-transport equation is formally equivalent to the equation
solved by Grossman (1983); because of the very low flow rate,
mass transfer takes place over the entire film. Their approach
is entirely numerical and they comment that closed-form so-
lutions to the problem are unlikely to be found. Grigor’eva
and Nakoryakov (1977) consider essentially the same problem
as Grossman (1983) and Andberg and Vliet (1983) using an
eigenfunction expansion technique. In this work, the tube is
smooth and the film thickness is taken to be constant based
on physical reasoning that the amount of fluid absorbed into
the film is likely to be small; mass transfer is assumed to take
place over the entire liquid film. In addition, equilibrium is
assumed to hold at the interface. One of the consequences of
the boundary layer-type approach employed in Conlisk (1992)
is that the specification of a constant film thickness emerges
directly from the governing equation of mass transfer due to
the very high level of liquid-side, mass-transfer resistance.

There have been several articles on the condensation problem
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associated with binary mixtures (Sparrow and Marschall, 1969;
Kotake and Oswatitsch, 1980; Davis et al., 1984; Denny and
Jusionis, 1972). Typical of this work is the focus on the flow
in the vapor and the fact that a uniform concentration profile
is assumed across the liquid film. Also a constant-temperature
interface, which is never observed in practice, is assumed. In
this work, the high-Reynolds-number vapor-phase analysis is
coupled with a low-Reynolds-number analysis of the conden-
sate liquid film.

The present work focuses on the direct contact absorption
and condensation problems, especially on the heat- and mass-
transfer processes within the liquid film. Because of the com-
plexity of the fluted surface, the solution for the mass absorbed
or condensed on the film is not straightforward as in the smooth
tube problem (Conlisk, 1992). From the fundamental solutions
to the heat- and mass-transfer problems in the conduction-
and convection-dominated heat-transfer regimes obtained, a
suitable design procedure for these tubes may be developed.
The development of such a design procedure and numerical
solutions for the intermediate regime where heat conduction
balances heat convection will be reported in the future work.

Fluted Surface

The 'term fluted surface is given to a tube in which the
curvature of the surface is a periodic function of the arc length.
Since the specification of the surface is detailed in Johnson
and Conlisk (1987), only a short summary will be presented
here.

The surface is specified by the Cartesian pair x=xp(s) and
y=y,(s) where s is the arc length along the perimeter of the
tube. Both x; and y, satisfy ordinary differential equations in
s which may be integrated to give:

§

Xo= g sin K (s)ds + X, 2)
0

and

S

Yo= S cos K(s)ds+ Yy, 3)
0

where X, and Y, are the initial points of the curveat s=0(s=1
denotes the trough) and we have taken dxy/ds=0 and
dy,/ds=1 at s=0 for convenience. Here,

s

K(s) = SO Ly ds, @

where &, is the curvature of the surface and is of the form:
Kp= K| + Kg COS TS. %)

For a closed curve, periodicity requires:

P
Ky 50 =2, (6)

where P, is the dimensional perimeter of the tube and Py/D
must be an integer equal to twice the number of flutes, say
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2N. The sign convention on the curvature «, is such that it is
positive for and largest at the crests and smallest in the troughs.

The types of surfaces governed by Eq. 5 are shown in Figure
2 (Johnson and Conlisk, 1987) for xy=4 and N=6, 12, 18,
and 24 and for xo=5 and N=40 and 60. As N increases, the
crest to trough distance D decreases for fixed mean radius and
flute amplitude. The validity of this work is limited by the
requirement that the film be thin (#*/D<<1; h* is the di-
mensional film thickness). Typically D< L and in pure fluid
applications N < 60. For absorption problems, it is likely that
N can be much smaller (N< 10, say).

For future reference, in the fluted surface coordinate system,

0 u;, 3 ¢ 9
BVi=t,— oy Ly = 7
1= 50 Gas+e1 “: 5z ™

where G=G(n. s)=1-—¢nxy(s).

Absorption Problem
Fluid mechanics

We consider the gravity-driven film flow down the fluted
surface of Figure 1. The solution for the velocity field is detailed
in Johnson and Conlisk (1987); here as in that work we assume
that the convective terms in the Navier-Stokes equations may
be neglected and consider only the thin film limit where
eRe<< 1 (Conlisk, 1992). The solution for the dimensionless
velocity field is given by:

N TN A W P
uz—( 1+61 We 6z)<2n nh), 8)

ap {1
=We ' = (= n*~nh), 9
u e 2 <2n n ) )
" (3u; € du,
= = —+——dn. 10
“ é SO <aS+€1 aZ) " ( )

In these equations, We=pgD?/0, e;=hy/D, and e=hg/L.
Here, We is a Weber number, g is the acceleration due to
gravity, p is the mixture density, and o is the surface tension.
Also Ag is the inlet average film thickness. The velocity scale
is the characteristic velocity associated with the Nusselt solu-
tion:

U= pghgz/p,

where y is the viscosity, and each of the coordinate variables
has been scaled on the corresponding length (# on hg,son D,
and z on L). The length L is determined by the influence of
surface tension and is the axial length scale; this scale is de-
termined by a balance between the influence of gravity and
surface tension and is L= WeD or ¢/¢,= We™!. In general,
L =D, but much less than the length of the tube, which is the
main advantage of the fluted tube: the axial length scale over
which the film flow may vary is much shorter than for the
smooth tube thus inducing higher film gradients, more mixing,
and, in principle, more absorption. For the condensation prob-
lem (for a pure fluid) on the fluted tube, the film thickness
asymptotes to a constant value as distance down the tube
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Figure 2. Cross-sectional view of the fluted surface: (a)
kp=4and N=6, 12, 18, 24; (b) x, =5 and N=40,
60.
From Johnson and Conlisk (1987).

increases, rather than increasing as (distance)"* as in the smooth

tube problem. This fact is important for the heat-transfer prob-
lem, since in general the heat-transfer rate is proportional to
the film thickness.

In these thin-film problems, the pressure is, to leading order,
proportional to the curvature and from Johnson and Conlisk
(1987), p=«p. The film thickness is calculated by balancing
the mass flux down the tube with that absorbed. Because of
the low rate of absorption of water into the film, to leading
order, the film thickness may be calculated based on a van-
ishing mass flux at the interface. In this case, the film thickness
satisfies the equation:

oy 0 (50 _
3z 3 <h° as) =" an

The solution for A is easily found by standard methods (Zach-
manoglou and Thoe, 1976) and the result is:

, 1/3 s
ho= (ﬂ’—g‘L)) hi(so) on 2= -S f—f, (12)
b

Ky (S) So
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for 0<s< 1 and hy=h;e!" s for s=0, 1. Equation 12 is Eq.
53 of Johnson and Conlisk (1987) in which 4 is scaled only by
the inlet film thickness. Here, hy is the leading-order surface-
tension-driven component of the film thickness variation
(h=ho+...). On the crest s=0, K[;:) = — 7% and at the trough

s=1, x,;; = 7%k and consequently the film thins at the crest and

thickens at the trough. From Eq. 5,
Kp = — Ko Sin . (13)

For the type of surface described by Eq. 13, the solution for
hg is particularly simple:

1
sin 7s9) " 1 tan 2 s
hy= {-——7{—0} hi(sp) on 2= ——— In{———. (14)
sin ws T Ko i
tan > TS

The solutions described here indicate that the fluid passes
from the crests to the troughs under the action of surface
tension. Because the fluid is constantly moving off the crests,
the film thickness does not grow as z increases, but asymptotes
to a constant value. Typical film profiles for hy given by Eq.
14 for h;(sg) =1 are shown in Figure 3 for ten flutes and o= 2,
as well as one crest to trough regime. Note the rapid thinning
of the film near the crest with a corresponding rapid thickening
in the trough. The validity of this work is limited by the re-
quirement that the film be thin (h"/D<<1; k" is the dimen-
sional film thickness). This requirement is first violated only
in a narrow region near the trough, and the remainder of the
film remains thin.

Heat transfer

Depending on the properties of the fluted surface (such as
number of flutes, curvature, and mean radius), the fluid prop-
erties, and the incoming flow rate, heat transfer to the tube
wall will span the range from conduction-dominated to con-
vection-dominated. The nature of the temperature depends on

2.5 T " r r
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Figure 3. Film profiles for the leading order variation h,
for N=10 flutes as a function of s for 2=0, .5,
1,1.5, 2, 2.5.

The arrow denotes tlie direction of increasing z.
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the single parameter eRePr where Re is the Reynolds number
defined by Re= Uhg/v where v is the kinematic viscosity and
Pris the Prandtl number. For the case of a thin film, gradients
of temperature in the z and s directions are much smaller than
the gradients in the direction normal to the fluted surface (n)
and in this case the energy equation is given by:

2

W:eRePr(E-V)O, (15)

where 6 is the dimensionless temperature which will be defined
below. Also, from Eq. 7,

iu-v = Weu %+ u, aéz-
The boundary conditions are given by:
9=0, at n=0; (16)
60=0at z=0. an

At the interface, we have, to leading order,
a6 .
Ja - —aecRePrm, at n=nh, (18)

where Ja = c,AT/h,,s Where c, is the specific heat, and m, is
the absorbed mass flux, and A, is the heat of absorption. In
what follows we consider each parameter range separately.

eRePr<<1

In this case, energy-transfer problem is conduction-domi-
nated to leading order and the solution may be written:

8(n, s, 2) = (65— Ow) §+0W (19)

where 05 is the film surface temperature and is unknown, and
@ is the scaled temperature defined by:

0=M' 20)
TSin - TWm
Twiy, is the wall temperature at the entrance to the tube and
Tsin is the film surface temperature there. Because the heat
transfer is conduction-dominated, we cannot satisfy the initial
condition at the entrance to the tube. The value of 6 is de-
termined by satisfying an equilibrium condition at the liquid-
vapor interface and this is discussed in detail in the next section.

eRePr~1

In this case, a numerical solution is required; however, the
problem is not as straightforward as the case of the vertical
smooth tube as discussed by Conlisk (1992). To close the prob-
lem, the mass flux 1, should be related to the temperature
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field (Conlisk, 1992). In contrast to the vertical smooth tube,
this leads to a complicated boundary condition for which a
numerical solution of the type described by Conlisk (1992) is
not directly applicable. Consequently, numerical solutions for
this parameter range will be reported in the future work. Note
that for eRe~ 1 numerical solutions for the velocity field must
be calculated as well.

eRePr>>1

In this parameter range, the convective terms in the energy
equation dominate except in a thin layer near the interface
where convection and diffusion balance. From Eq. 15, the two
terms balance in a thin layer of width o5 2) where 6, =
1/eRePr; the bulk of the heat transfer thus takes place very
near the interface. Consequently, writing 7= (1 - n/h)/8)* the

energy equation becomes:

%, -
—= . 21
Py h(u-v)0, 21
and where now
T - Tguik
f=——T7—"7. 22
Tsin— ThuLk )

In this equation the subscripts S and BULK refer to interface
and bulk, respectively, and Tyyrk is assumed constant. In
addition, the velocity normal to the solid surface has been
omitted in the definition of #- ¥ . This will be shown rigorously
in the next section, but this result is due to the very large mass-
transfer resistance at the interface.

Because the scaled thermal layer is thin, the boundary con-
dition on the temperature at the interface is formally equivalent
to that for the smooth tube and is given by (Conlisk, 1992):

39 .
Jas{/z—(ﬁ " = ham,, (23)

A=0

where a=pw/p where p, and p are the water and mixture
densities, respectively; o and p,, are taken at reference tem-
peratures and « is assumed constant; m, is the absorbed mass
flux. The domain in s is from 0 to 1 by definition where s=0
corresponds to the crest of the flutes and s=1 corresponds to
the trough. At these points, because of symmetry we must
have:

%=0 ats=0, 1. (02))
as

Finally, the initial condition is that §=0 at z=0 and §—0 as
fi— o, Specification of the boundary conditions at the interface
for both the temperature and the mass fraction still does not
fix the solution for either quantity.

The solution to Eq. 21 may be obtained as follows. Since
the temperature gradient is specified at the interface and 7
ranges from 0 to oo, a Fourier cosine transform (Churchill
1972) may be employed to reduce Eq. 21 to a first-order in-
homogeneous partial differential equation subject to an initial
condition at z=0. Define the transform as:
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o

flky= S f(x) cos kxdx;
o

then the transform of Eq. 21 is given by:

af af
2 We — bl
h |: eus(h, 3, Z) as+uz(h) S, Z) az]

. ha .
=——k20—Wma, (25

where AT= T, — Tgyrk- The solution to Eq. 25 is found by
standard techniques similar to those employed in the calcu-
lation of the film thickness; along the characteristics, Eq. 25
becomes an ordinary differential equation and specifically,

g ham,
ad " Jas\? S ds
a@___ Jan | E 26
dz hzuz onz So KI; ( )

To obtain a solution we note that at the interface Weu,=
—1/2 h*(3p/ds) and uz=h2/2; using the expression for u; in
Eq. 26 the solution may be represented in transform space by:

aa =20 —S‘:A(r)drgzhrh,eS“Ad;.

*ds
— = o b — = 7
bk =7 6}/2e dfonz= Sso 7’ 27N

where

pot 9

= -4_
A(f)=2k*h"%-4 &

(28)

valid for s#0 or 1. For s=0 or 1, we must return to Eq. 21
and put 38/3s=0 there. In this case, the solution has a form
which is equivalent to Eq. 27, provided that the proper expres-
sion for the film thickness 4 is used.

It is a simple matter to invert Eq. 27 and the result is:

0__i SZ ﬁ
T e a4 116

~"d¢ on z= - S gf, 29)
b

o
where

z
P= S h4de,. (30)
s

It is interesting to note that apart from scale factors and the
fact that the film thickness varies to leading order, the solution
(Eq. 29) is very similar to the solution for the smooth tube as
given by Conlisk (1992).

At this point, pending consideration of the mass-transfer
equation and the interfacial conditions, the solution (Eq. 29)
will be discussed later.

Mass transfer

The scaled mass-transfer equation is very similar to the scaled
energy equation:
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3*Q
5%5=h2(i1-\7)9, 3D

where

W4 — WABULK
Q=—— (32)
W4Sin — WABULK

and 7i=(1-n/h)/6"% and 6=1/eReSc. In Eq. 31, species A
refers to, say, water in a libr-water mixture.

In the scaled variable 7, the boundary condition at the in-
terface becomes:

00 )
5B a—h_=ozhma(1 —BQ) at =0. (33)

For small changes in composition, B is small; this is the case
for libr-water mixtures of interest here. Equation 31 balances
for B—0; however, the boundary condition at 7i=0 (Eq. 33)
does not. The conclusion which must be reached is that since
B and 6 are both small, then

r,~8"*B; (34

that is, the lack of an O(1) mass fraction difference and the
fact that 6 is small limit the amount of absorption at the
interface: the liquid-side mass-transfer resistance is very large.
Consequently, the velocity in the direction normal to the wall
at the interface (the dimensionless mass flux; see Eq. (7) is
very small [of O(8"2B)] and may be omitted in the #- Vv term
in Egs. 21 and 31. Because the mass-transfer resistance is so
large, some other mechanism must be introduced to compen-
sate for this, and the ability of the fluted surface to induce
film gradients is believed to be crucial to the enhancement
process. Moreover, while the solution to these types of coupled
problems hinges on the solution to the energy equation, (Eq.
33) with the consequence (Eq. 34) indicates that the entire
process is mass-transfer-limited. One implication of this fact
is that to leading order, the film thickness A= h(s, z) may be
replaced by A, as given by Eq. 14.

The other boundary conditions associated with Eq. 31 are
similar to those for the temperature, in particular, by symmetry

@=0 ats=0, 1. 35)
ds

Finally, the initial condition is that =0 at z=0 and —0 as
7i— . The solution to Eq. 31 may be obtained in a manner
similar to that for the temperature since 7 ranges from 0 to
o as well. Then, the transform of Eq. 31 is given by:

ak F:10)
2 ou au
h [ Weug(h, s, z) % +u,(h, s, z) az]

- — 10— ha g,”fz—;. (36)

Note the similarity between Eqs. 25 and 36. As with the tem-
perature, the solution is given by:
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2 T

. - dae (% . dt; s

Ont= - 20e SoAm IS hmaoeSDA ‘ d¢ on z=—5 d—s @37
s K

0 ) Kb

where
dh
=2ih~*—an™' =, 8
A() ar (38)
and i, =6"2Brigy + . . ., for s#0 or 1; similar comments apply

to the form of the solution on s=0, 1 as noted in connection
with the temperature solution.
The inversion of Eq. 37 results in:

(39

’?

7 -
ZOtSmao
K
o b

= S ds
Q= - \ =27 /81d¢, 2_5_
27 ) Pk /81d¢, on z !

The mass of water absorbed may be calculated directly from
the interface conditions on the temperature, the mass fraction,
and the equilibrium condition. These issues are discussed in
detail next. Before discussing the closure of the solution, it is
useful to describe the boundary layer structure which is ob-
tained near the interface based on the case where §<<§, << 1.
The previous work suggests that there is a set of mass-transfer
and thermal boundary layers oriented as shown in Figure 4.
Since 6/8; = Pr/Sc= Le << 1 where Le is the Lewis number, the
mass-transfer layer is much thinner than the thermal layer.
Note from Eqs. 29 and 39 that the solutions for the mass
fraction and the temperature in these layers are of similar form
and are coupled through the interface conditions to be de-
scribed next.

low
No Mass Transfer

Tube Wall .o

0(8”23)

Liquid Film
Liquid~Vapor Interface

Figure 4. Boundary layer structure in cross section cor-
responding to a constant-s plane at the liquid-
vapor interface for the fluted tube.

The mass-transfer and thermal layers on the liquid-vapor interface
are greatly expanded for clarity.
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Interface conditions

Specification of the boundary conditions at the interface for
both the temperature and the mass fraction still does not fix
the solution for either quantity. To do this, equilibrium will
be assumed at the interface, and the temperature and mass
fraction are assumed to be related linearly as in Grossman
(1983); this is a good approximation for libr-water mixtures
for the limited range of mass fraction considered in practical
applications (Conlisk, 1992), and the equilibrium condition
takes the form:

was=C T+ Gy, (40)

where C, and C, are constants obtained by curve-fitting ex-
perimental data in the mass fraction range of interest. We will
examine here the cases where eRePr<< 1 and eRePr>> 1, where
a fully numerical solution is required for eRePr~ 1. The equi-
librium equation for the scaled mass fraction and temperature
is the same as for the smooth tube:

93=CﬁToS+B, 1)
where
AT =T, — Tyss, for eRePr<<1, 42)
and
AT= T — Tpyrk, for eRePr>>1, 43)
and
Aw = wsin — WABULK- (44)

The quantity 3 is defined by:
B=(C Twin+ Co—wapuLk ) /Aw, for eRePr<<1, (45)
and
B=(C\Tpurx + C2— wapuLk ) /Aw, for eRePr>>1. (46)

For eRePr~1, the definitions of the quantities for
eRePr<< 1 may be used.

eRePr<<1

Using the expression for the temperature in Eq. 19 with
h=hy+ ..., and substituting for the film surface temperature
using the boundary condition (Eq. 18), and the solution for
the mass fraction from Eq. 39, the equilibrium condition be-
comes:

2a Sz My 1 .
-5 \ 5 dit== (0w —Ah
=7 ) Bl ¢ C( w 0Ma0)
§
+8,0nz=— S f_f’ @7
So Kp
AIChE Journal

where we have replaced 4 by the leading order variation 4, to
define /; in Eq. 47. Also,

Aw
C=—-, 4
C\AT (48)
and
172
Ao & BeRePra‘ (49)

Ja

Equation 47 is a linear integral equation which may be solved
for m,; however, the solution is not straightforward because
of the appearance of the film thickness term A3/ under the
integral sign which obviates the use of the Laplace transform
for the solution. Nevertheless, a solution may be calculated
numerically.

The leading order film thickness may be calculated based
on a vanishing absorption mass flux; this is confirmed by the
fact that the leading order mass flux is small and

my=86"*Bmg+. .., (50)

to leading order. Mathematically, this means that the film
thickness changes due directly to the absorption process are
small; anticipating this, we expand the film thickness as:

h=hy+6°Bh +. .., 'S

where A is given by Eq. 14. Then, calculating the quantity
(ii- V) h, the result is, to second order,

m_8 (dp,\_ _rw_ Ok 3k
3 as<ashl>‘ 3 oz os 62

and this equation gives the relationship between m,y and A,
since kg is known. Equation 52 is easily solved and the result
is:

Z

ds’ 53)

Kb

hi(s, 2)=€%? S

e ¥ F(s, Od¢, on z= — g
0 s,

0
where F(s, z) is the righthand side of Eq. 52.

eRePr>>1

In this parameter range, the similarity of the temperature
and mass fraction solutions leads to a relatively straightforward
solution for the mass flux. Substituting the expansion for the
leading order mass flux, m,=6""2Brmi,+ ... into Eq. 29 and
evaluating at A=0 and evaluating Eq. 39 at 77 =0 it is readily
determined that

BLe'? *ds
b= g onz=- | & (54)
Ja 50 Kp

Using the equilibrium equation above to eliminate the film
surface temperature 6, the surface mass fraction is given by:
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8 SS ds
=———_—-', = — _’ 55
% |_CaTBLe” R I, (53)

JaAw

0

and thus, the surface mass fraction depends crucially on the
bulk temperature; if the bulk temperature is constant as has
been assumed here, so is the surface mass fraction. Note also
that for absorption, Q,>0 and this condition places limits on
the operating bulk temperature and mass fraction, given the
physical constants C, and C,.

Now, the mass fraction at the interface is known from Eq.
55 and evaluating Eq. 39 at n=0:

20 (* m,,o *ds
Qs=———5~—~d,onz=—g —. (56
'/ 0 h(3>10 3 sy Kb )

Equation 56 is a linear integral equation for m, and it may
be solved as follows. Since I, is essentially a function of s and
z—§, Eq. 56 is a convolution integral with respect to a Laplace
Transform in z. Taking the Laplace Transform of Eq. 56:

200
Q= QT J(p)M(p), 7

where p is the Laplace Transform variable and

© _—pt

J(p) = S eI—O dt, (58)

0

and where M(p) is the Laplace Transform of i/ k3. Equation
57 may be solved for M (p) and inverted, again by convolution
and the result is:

172 a2 s
rh,,o=—h37r—g Oz —1)j(t)dt on z=—g d—i (59
2« 0 s,

OKb

where j(#) is the inverse transform of 1/J. For Ty ¢ constant,
Q, is constant on characteristics and may be pulled out of the
integral in Eq. 59; thus, m is directly proportional to Q, and
amajor objective of an optimal design is a maximum ;. Lastly,
given m, the correction to the film thickness 4, may be ob-
tained directly by Eq. 53. The solution is now complete.

Note that the solution (Eq. 59) requires the evaluation of
the Laplace Transform of Iy '. This exercise is nontrivial be-
cause of the fact that I, is an integral of hy and must be
evaluated along the characteristics defined in Eq. 14. It appears
that the forward transform J(p) must be computed numeri-
cally; because of this, the inverse transform must also be cal-
culated numerically. The numerical evaluation of these
transforms and the development of a design procedure for
these tubes will be presented in subsequent work.

To obtain a feel for the magnitude of some of the parameters,
the fluid properties of one of the experimental data sets tested
by Miller (1992) for a LiBr-water solution was used to calculate
a value for the length L defined by L = DWe. The mean radius
of the tube was taken to be 0.525 in. (13.335 mm) and the
inlet temperature was taken to be 328 K. For an inlet flow rate
of 0.72 kg/min, for six flutes and «;= 2 the length L =0.07 m
(~ 3 in.). For smaller radii, the length L is considerably de-
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creased. In the Miller experiments on the smooth tube the flow
and heat and mass transfer vary on the scale of the length of
the tube which is 5 ft (1.5 m). Consequently, the fluted tube
induces a variation of the flow on a scale much shorter than
in the smooth tube.

Having obtained the solution for the mass flux at the in-
terface, we now extend the results to the case where the vapor
phase contains two volatile components.

Condensation Problem

In this section, we extend the methods described previously
for the case of one volatile component in the vapor to the case
where both components may condense into the liquid film. An
example of this type of mixture which is commonly employed
in heat pump systems is an ammonia-water mixture.

The vapor condensation rate is controlled by the mass-trans-
fer process in the liquid film and as with the lithium-bromide
mixture, at typical operating pressure and temperature, a linear
relationship between the film surface mass fraction and film
surface temperature obtains within a range of mass fraction
typical in applications, and we assume Eq. 40 is still valid.
Because both components of the mixture may condense, ad-
ditional analysis is required to determine the boundary con-
dition at the interface. We begin with the assumption that the
total flux of mixture from the vapor is equal to the influx to
the liquid:

*

oy =ty =, (60)

where rh: has units of, say kg/m’-s. Now consider the expres-
sion for the mass flux in a direction normal to the interface,
which, for a thin film is in the # direction (n=r"/hg) and is
given by (Bird et al., 1960):

Jw . . .
—oDpL aT’le \L—wari. , at the interface,  (61)

where rh; . is the flux of species A at the interface on the liquid
side. An equation of the same form obtains on the vapor side.
To determine the proper boundary condition, we assume in
each of the two flux boundary conditigns th*at the flux of
species A is the same from each side (m,; = m,4y) and substi-
tuting the vapor side expression into the liquid side expression,
we obtain in nondimensional form:

awAL= P dway

-6
an an,

+ (way—wgqy )M, at the interface, (62)

where P is a constant defined by:

€24y

- . 63
euReScy (63)

where ;= hy/d, Scy is the Schmidt number of the vapor, wy
is the vapor viscosity, n; =n"/d where d is the global length
scale associated with the vapor side. Re is the liquid-side Reyn-
olds number and u is the liquid viscosity. If Eq. 62 is nondi-
mensionalized, the vapor mass fraction gradient is multiplied
by the parameter PB, where By is a mass-transfer driving
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parameter similar to the definition of B. If the vapor Reynolds
number is relatively low [say Rey=O(1)] so that there is no
vapor boundary layer, then from Eq. 62 and the scalings of
the liquid-side variables in the previous section, the liquid and
vapor-side mass-transfer problems are strongly coupled if
PB,~6"2B and decoupled if PB,<<5'°B and w4y varies on
the scale d. At higher values of the vapor Reynolds number,
since the Schmidt number of the vapor is around 1, the mass
fraction ‘‘boundary layer’’ on the vapor side is of the same
thickness as the fluid boundary layer; in this case, the liquid
and vapor mass-transfer problems are strongly coupled if
PByRel/*~8"?B and decoupled if PByRel/><< 5'2B. At very
high vapor flow rates, PByReY/?>>5"?B and the vapor side
controls the entire mass-transfer problem. Generally, L is of
the order of 1in. (25.4 mm), and if the vapor cavity is relatively
large so that d can be taken to be the length of the tube [say
1 ft (0.3 m)], then at low vapor Reynolds number P will satisfy,
PBy << 5B, Consider the case where PBy << 5"2Band neglect
the first term of Eq. 62. Note that neglect of this term does
not imply that no mass transfer is taking place in the vapor,
only that what diffusion mass transfer does take place is small.
Note, however, that the mass transfer in the liquid depends
crucially on the interfacial vapor mass fraction, which in this
case can be obtained from equilibrium considerations.

At this point, we scale the mass fractions w,; and wyy to
derive the equation corresponding to Eq. 33:

o 08
8B a—_—mc(1+BVQV BQ), at n=0, (64)
where
By= WAvSin — WABULK (65)
WAVBULK — WABULK
and

W4y — WAVBULK
Qy="—""—"7"—. (66)
W4VSin — WAVBULK

Q is the scaled mass fraction in the liquid. As before, m.=
8'2Bmg+ ... and for small change in vapor mass fraction
(By<< 1) the boundary condition (Eq. 64) is the same as Eq.
33, and the solutions given previously for small B are valid
provided we set o= 1. Often, however, larger changes in the
vapor mass fraction may occur, and it can happen that B,,= O(1)
even when B is small since Scy=0O(1). In this case, we can
write the boundary condition (Eq. 64) to leading order in B
as:

5B g——g=mc(1+5y), at n=0. (67)

where 8, = B,Q,. Thus, the solution for { is given by Eq. 39
with g replaced with my(1+8y). The temperature distri-
bution remains the same as in the one-volatile-component
problem. For the case of eRePr<<1, it is a simple matter to
generate the equation corresponding to Eq. 47; for eRePr>>1
the equation corresponding to Eq. 56 is (note that 8, does not
appear in the solution for the temperature and so Eq. 54 no
longer holds):
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=] 3
i'a

2 md)(1+6y) S ds
——;“S (onz=—g —. (68)

,
5, 0

The difference between the condensation case and the ab-
sorption case for By O(l) is that the function 8, =B {z) is
unknown and related to the vapor mass fraction at the interface
defined above. Once this quantity is known, the equilibrium
relationship between the unscaled liquid and vapor mass frac-
tions may be employed to calculate a value for Qy at the in-
terface. The form of this expression means that Eq. 68 is a
nonlinear integral equation for m. which is not easy to solve
in the general case. Nevertheless, once the solution for m, is
obtained, the solution for the perturbation to the leading order
film thickness 72, may be obtained from Eq. 52.

Generally speaking, for an ammonia-water mixture the length
scale L is smaller than for the libr-water mixture. At a tem-
perature of 400 K, and a flow rate of 0.027 kg/min, for four
flutes and «xg=2, L=0.022 m [almost | in. (25.4 mm)]; for
this mixture, heat transfer tends to be more conduction-dom-
inated than the libr-water mixture because of the much lower
value of the Prandtl number.

Summary

We have formulated and solved the problem of absorption
of a single fluid into a falling film binary mixture on a fluted
tube and extended the results to the condensation problem
where both components of the vapor may change phase. The
type of tube described here is an example of a general class of
enhanced tubes in which the mass-transfer rate is expected to
be much greater for a given length than for a smooth tube.
The entire coupled heat- and mass-transfer problem hinges on
the solution of the enérgy €quation, although the entire process
is mass-transfer-limited (see boundary condition of Eq. 33).
The nature of the heat transfer is determined by the magnitude
of the parameter eRePr which is a composite dimensionless
number dependent on flow rate, geometry of the tube, and
fluid properties. For eRePr<< 1, conduction dominates con-
vection and the absorbed mass flux satisfies a linear integral
equation of an Abel-type with a nontrivial kernel. For
eRePr~ 1, heat conduction balances convection and the so-
lution for the temperature must be computed numerically. For
eRePr>>1, heat transfer takes place in a thin layer of width
O(eRePr)™ "% near the liquid-vapor interface. In this case, the
absorbed mass flux is given by the integral expression (Eq. 59).
For all the mixtures of interest, mass transfer takes place in a
thin layer near the liquid-vapor interface since the Schmidt
number is very large (the Lewis number Le << 1). Although it
has been stated here that two mixtures, in particular, are of
interest in these problems (lithium bromide-water and am-
monia-water), this work is clearly applicable to a much wider
range of fluid mixtures. In addition, there is nothing in this
theory to suggest that the fundamental structure of the heat-
and mass-transfer problems does not apply to desorption as
well.

The absorption or condensation of vapor has been shown
to be controlled by a mass-transfer driving parameter (B) which
is small in this context. It is believed that this work is one of
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very few efforts to solve the absorption and mixture conden-
sation problems on enhanced surfaces. These solutions may
be employed to develop a design program for the axially fluted
tube as has been done for the vertical smooth tube (Conlisk,
1994), and this program is being developed.

To investigate the enhancement process it is important to
note that in general there is a significant increase in surface
area for the fluted tube. Thus, there is a natural enhancement
factor associated with this passive increase in area. True en-
hancement can only occur if the ratio of total mass absorbed
for the fluted tube to that of the smooth tube is greater than
the area ratio. To investigate whether this is true, we note from
the results that the dimensionless mass absorbed per unit area
M, =, ~ eB5"%; this indicates that the mass flux increases for
the same values of the Schmidt number and B with decreasing
values of L (increasing surface tension), provided that the
Reynolds number remains approximately constant. It is useful
to note that the value of ¢ is much greater than that for the
smooth tube, because the surface tension controls the axial
length scale; this length scale (L) is usually much less than the
total length of the tube. For the example case of the lithium-
bromide water mixture discussed earlier, a conservative esti-
mate of the enhancement factor based on the comparison of
the quantity 5'/2B with that of a 2-ft-long (0.6-m-long) smooth
tube is that mass transfer could be enhanced by a factor of
two, although confirmation of this estimate must await the
numerical solutions to come.

In this work, solutions for the film thickness have been
obtained for the case where there is no vertical pressure gradient
within the liquid film. However, the solutions may be extended
to the case of an externally imposed constant pressure gradient.
Finally it is worthwhile to note tRat the structure of the mass-
and heat-transfer problems does not change at higher flow
rates where the convective terms in the momentum equations
are important; in this case, numerical solutions are required
for the fluid problem, for the calculation of the film thickness,
and for the temperature if §;=0(1). Nevertheless, for 6,
8;<< 1, the solutions for the temperature and for the mass
fraction in their respective layers near the liquid-vapor interface
are still valid pending computation of the solution for the flow
field.
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